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On the Limiting Behaviors and Positivity of Quasi-local Mass

Abstract

The concept of quasi-local masses was proposed by physicists
about forty years ago to measure the energy of a given compact
region by a closed spacelike 2-surface. There are several natural

conditions which we expect a quasi-local mass to satisfy ([39]):

1. A quasi-local mass must be non-negative in general and zero
when, and only when the ambient spacetime of the surface is
the Minkowski spacetime in the asymptotically flat case (or
hyperbolic space in the asymptotically hyperbolic case). These

are called the positivity and rigidity conditions.

2. Also, the ADM mass should be recovered as the surfaces tend

to the spacial infinity.

In this thesis, we will report some results about the limiting
behaviors and positivity of some quasi-local masses, both in the

asymptotically flat case and in the asymptotically hyperbolic case.
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Introduction

Introduction

As is well known, by the equivalence principle in general relativity, the concept
of gravitational energy at a point is not well defined. The local effects of gravity
can be removed by using a freely falling frame. The object centered at the origin
of such a frame will not experience any gravitational acceleration.

On the other hand, when there is asymptotic symmetry (asymptotically flat
or hyperbolic), the concepts of total energy and momentum can be well defined.
In the asymptotically flat case, these are the so called ADM energy momentum
[2] and the Bondi energy-momentum when the system is viewed from spatial
infinity and null infinity, respectively. It was proved by Bartnik [3] that in an
asymptotically flat manifold, these concepts are well-defined, i.e. independent
of the coordinates chosen. These concepts are fundamental in general relativity
and have been proven to be natural. Moreover, the works of Schoen-Yau [31, 32|,
Witten [41] show that they satisfy the important positivity condition. These
kinds of results are now known as positive mass theorems. However, when the
physical system is not isolated, or the asymptotic symmetry fails, there would be
limitations to these concepts. It was proposed about forty years ago to measure
the energy of a system by enclosing a region with a “membrane”; i.e. a closed
spacelike 2-surface, and define on it an energy-momentum 4-vector. This is the
motivation behind the definition of quasi-local masses of surfaces.

There are several natural conditions which we expect a quasi-local mass to

satisfy (see for example [39)):

1. Most importantly, a quasi-local mass must be non-negative in general and
zero when, and only when the ambient spacetime of the surface is the
Minkowski spacetime (or hyperbolic space in the asymptotically hyperbolic

case). These are called the positivity and rigidity conditions.

2. Also, the ADM mass or Bondi mass should be recovered as the surfaces



Introduction

tend to the spacial or null infinity.

There is still no universal agreement on the definition of the quasi-local mass,
and many other definitions have been proposed, for example from Hawking [13]
and Penrose [27]. A promising one was given by Brown-York [7], motivated by
Hamiltonian formulation. Shi and Tam [34] proved that it is positive in the time
symmetric case, but in general it is not positive. Later on, Wang and Yau [3§]
proposed the notion of Wang-Yau mass and proved its positivity and rigidity.
The study of these quasi-local masses and their relations is now a subject under
intense study.

In this thesis, we will establish some results about the limiting behaviors and
positivity of some quasi-local masses in asymptotically flat (AF) or asymptotically
hyperbolic (AH) manifolds.

In Chapter 1, we will discuss the limiting behaviors of the Brown-York quasi-
local mass of some family of surfaces. As mentioned before, we expect that the
quasi-local mass of the boundary of exhausting domains tends to the ADM mass.
Indeed, many people have proved that the Brown-York quasi-local mass of the
coordinate sphere tends to the ADM mass in an AF manifold, see for example
the works of Brown-York [8], Hawking-Horowitz [14], Baskaran-Lau-Petrov [4],
Shi-Tam [34] and also Fan-Shi-Tam [12]. Shi-Wang-Wu [36] also proved that the
same result is true even for surfaces which are not necessarily coordinate spheres,
but are nearly round near infinity.

The motivation of investigating the Brown-York mass for some general class
of surfaces is as follows. In [3], Bartnik proved the following important result (see

Theorem 1.3 for a more precise statement):

Theorem 0.1. Suppose (M,~) is an AF manifold with integrable scalar curva-
ture. Let {Dy} be an exhaustion of M by closed sets such that the set Sy = 0Dy,

are connected C' surfaces (not necessarily coordinate spheres) satisfying some
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reasonable conditions. Then

’ITLADM(M,’)/) lim —/ Z Yiji — /Vuj 1% dO‘
S

That is, the ADM mass is independent of the sequence of {Sy}. (Note that ADM
mass 1s defined exactly as the R.H.S. of the above equation, except that Sy are

coordinate spheres. )

Because of this result, it is natural to ask if the Brown-York quasi-local mass of
some general family of surfaces, other than those which are close to the coordinate
spheres, will tend to the ADM mass in some AF manifolds. We will see in this
chapter that this is true for certain kinds of revolution surfaces, for example a
family of expanding ellipsoids, which are not close to the coordinate spheres.

More precisely we will prove the following

Theorem A. [Theorem 1.6, Limiting behaviors in AF case] If (N3, g) is an
asymptotically Schwarzchild manifold and S is a given closed revolution surface
S. Then there is an € > 0 such that for any family of revolution surfaces S, with
Gaussian curvatures of order O(a™?), mean curvatures of order O(a™") and radial
distances of order O(a), if the rescaled surfaces a™'S, are e-close to S, then the

Brown-York masses of the surfaces will tend the ADM mass:

lim mpy (Sa) = mapm (N, g).

This partly generalizes the results of [6, 34, 12].

In Chapter 2, we will work in the asymptotically hyperbolic (AH) case. The
motivation of this chapter is quite similar to the previous chapter. In particular,
this is partly motivated by the positive mass theorem proved by X.D. Wang
[40] in an AH manifold. Let us first recall the positive mass theorem in an AF
manifold: if we are given a complete asymptotically flat initial data set (M3, g, h)
for the Einstein equations, we can then define the total 4-momentum (£, P) of
(M3,g,h), where P € R®. The positive mass theorem of Schoen-Yau [31, 33, 32]
then states that
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Theorem 0.2. Let (M3, g, h) be an asymptotically flat initial data set satisfying
the dominated energy condition (e.g. non-negative scalar curvature when h =0),

then E > |P|.

This can be interpreted as the 4-momentum being a future directed non-
spacelike vector in R*»!. Later on, this result was reproved by Witten [41] (under
spin condition) using a different proof involving spinors. The spinor method turns
out to be very useful in proving positive mass type theorems. In particular we
have the following result of X.D. Wang, which can be regarded as the analogue

of Schoen-Yau’s result in the AF case:

Theorem 0.3. [40, Theorem 2.5] If (M™,g) is spin, asymptotically hyperbolic
and the scalar curvature R > —n(n — 1), then the total mass defined by (see

Theorem 2.2 for precise definitions)

([ b, [ (0)0dn) € R

1s a future-directed non-spacelike vector.

In an AH manifold, we can define a quasi-local mass integral which is similar
to the Brown-York mass in the AF case. Let (€2,9) be a three dimensional
compact manifold with smooth boundary > homeomorphic to sphere. Under
certain conditions, ¥ can be uniquely embedded into H? C R*!. Then the quasi-

local mass integral of €2 is defined as:

[ o~ mx 1)

where Hj is the mean curvature of ¥ in H? and X = (2°, 2!, 22, 2%) is the position

vector in R*!.
The motivation of this definition is as follows. In [35], Shi and Tam proved
that if the scalar curvature of § satisfies R > —6, then the vector [.(Hy— H)W
L a2 2%) = (a2, 2", 22, 27)

is a future directed non-spacelike vector for W (z°, x!, 22 x ar’,r, T

with a > 1 depending on the geometry of 3. (This is exactly Theorem C when
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n = 3. ) Hence W is close to the position vector. It is also conjectured by Shi
and Tam that the same result is true if W is replaced by the position vector X.
It is therefore natural to ask if the quasi-local mass integral defined as in (1) for
coordinate spheres will tend to the total mass as defined in Theorem 0.3. We will

give a positive answer to this question. Namely, we will show that

Theorem B. [Theorem 2.3, Limiting behaviors in AH case] In an asymptotically
hyperbolic manifold (M3, g), for a coordinate sphere S, which is close enough to
infinity, we can associate with it a quasi-local mass expression (as a vector in
R31 ), which will tend to the total mass of (M3, g) defined by Theorem 0.3 when
S, approaches infinity.

Whereas the first two chapters deals with the limiting behaviors of the quasi-
local masses, in Chapter 3 we will look at the positivity of a quasi-local mass.
This chapter is also closely related to Chapter 2. As mentioned before, Witten
[41] (see also [26, 3]) gave a simplified proof of the positive mass theorem using
the spinor method. Since then the method of spinor has been adopted by many
people to prove positive mass type theorems or some rigidity results [34, 1, 23, 38].
For example, M. T. Wang and Yau [38] developed a quasi-local mass for a three
dimensional manifold with boundary whose scalar curvature is bounded from
below by some negative constant. Using spinor method, they were able to prove
that this mass is non-negative. Later on, Shi and Tam [35] also proved a similar
result in the three dimensional case, but with a simpler definition of the mass.

More precisely, they proved the following:

Theorem 0.4. ([35] Theorem 3.1) Let (2, g) be a compact orientable 3-dimensional
manifold with smooth boundary > = 0$2, homeomorphic to a 2-sphere. Assuming

the following conditions:
1. The scalar curvature R of (€, g) satisfies R > —6k? for some k > 0,

2. ¥ is a topological sphere with Gaussian curvature K > —k? and mean
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curvature H > 0, so that X can be isometrically embedded into H? ,, with

mean curvature Hy.

Then there is a future directed time-like vector-valued function W on % such that

the vector
/(Hg — H)Wd%
by

is time-like. Here W = (x1,x9,x3,at) for some a > 1 depending only on the
intrinsic geometry of %, with X = (x1,xq,x3,t) being the future-directed unit

normal vector of H? ,, (defined in (3.1)) in R**.

In this chapter, we will prove an analogous result in higher dimension for spin

manifolds (note that three-dimensional orientable manifolds are spin) as follows.

Theorem C. [Theorem 3.16, Positivity of Shi-Tam mass] Let n > 3 and (£, g)

be a compact spin n-manifold with smooth boundary 3 such that
1. The scalar curvature R of (2, g) satisfies R > —n(n—1)k? for some k > 0,

2. ¥ is topologically a (n — 1)-sphere with sectional curvature K > —k?*, mean
curvature H > 0 and X can be isometrically embedded uniquely into H" ,, C

R™! with mean curvature Hy.

Under these conditions, we can define on ¥ a quasi-local mass introduced by Shi
and Tam [35]:
mr(S) = / (Hy— H)YW € R™!
>

where W = (x1,z9, -+, Tp, at) with a > 1 depending on the geometry of ¥ and
(T1, 29, , T, t) 18 the position vector of ¥ in R™!.
Then the mass is positive in the sense that mgr(X) is a future directed non-

spacelike vector in R™!,

There are two important ingredients in establishing the main result. One is

a monotonicity formula (Lemma 3.6) for the mass expression, and the other is a
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positive mass type theorem (Theorem 3.7). The later is particularly important.
This theorem was originally proved by M.T. Wang and Yau [38] in the three
dimensional case. Here we will give a proof in general dimension. In particular,
the Killing spinor fields play an important role in the proof, and we will give
a detailed study on them. What is new in the proof of the theorem in higher
dimension are two identities involving Killing spinors on the hyperbolic space
(Proposition 3.9 and 3.10).

Theorem A, Theorem B and Theorem C, which are the main results of this

thesis, will be proved in Chapter 1, 2 and 3 respectively.



Chapter 1

Brown-York mass in AF

manifolds

1.1 Asymptotically flat manifolds

In this chapter, we will discuss the limiting behaviors of the quasi-local mass
of a family of surfaces in an asymptotically flat manifold. Let us first recall
some definitions. We will adopt the following definition of asymptotically flat

manifolds.

Definition 1.1. A complete three dimensional manifold (M,~) is said to be
asymptotically flat (AF') of order T (with one end) if there is a compact sub-
set K such that M\ K is diffeomorphic to R*\ Br(0) for some R > 0 and in the

standard coordinates in R, the metric v satisfies:
’)/ij = 51'3' + O'ij (11)
with
|0'z'j’ + T|80’Z’j| + 7‘2|860'ij| + 7’3|88801’j| = O(Tﬁq—), (12)
for some constant % <7< 1.

Here r and O as the Fuclidean distance and the standard derivative operator

on R? respectively, ¢ is the usual Fuclidean metric.

8
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A coordinate system of M near infinity so that the metric tensor in this system
satisfy the above decay conditions is said to be admissible. In such a coordinate

system, we can define the ADM mass as follows.

Definition 1.2. The Arnowitt-Deser-Misner (ADM) mass (see [2]) of an asymp-
totically flat manifold (M,~y) is defined as:

) 1 ;
mapy(M,y) = lim — (YViji — Viij) v do?, (1.3)
o 167 J,

where S, is the Euclidean sphere, do® is the area element of S, induced by the
Euclidean metric, v is the outward unit normal of S, in R3 and the derivative is

the ordinary partial derivative.

To see that this gives a reasonable definition of mass, let us look at the
Schwarzschild metric. On a three dimensional slice of Schwarzschild spacetime,
corresponding to time = constant, the metric is given by (1 + 2£)*9 (using the
convention that G = ¢ = 1), where m is the mass of a star (as r — oo, its limit
becomes the Newtonian model of a point mass with mass m). It is easily calcu-
lated that the integral on the R.H.S. of (1.3) also tends to m as r — oco. Thus
the ADM mass gives a reasonable definition of mass, at least in this case.

We always assume that the scalar curvature is in L'(M) so that the limit
exists in the definition. In [3], Bartnik showed that the ADM mass is a geometric
invariant. More precisely, he proved the following theorem (see [3, Proposition

4.1] for a more general setting):

Theorem 1.3. Suppose (M,~) is an AF manifold with scalar curvature R(vy) €
LY(M). Let {D.}2, be an ezhaustion of M by closed sets such that the set
Sy = 0Dy, are connected C* surfaces without boundary in R3 such that

ri = inf{|z|,2 € Sy} — 00 as k — o0

r;. 2 Area(Sy) is bounded as k — oco.
Then

1 |
mapm(M,7) = ,}ggo 167 /s (Viji — i) V' do”.
k
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That is, the ADM mass is independent of the sequence of {Sk}.

Next, let us recall the definition of the Brown-York quasi-local mass. Suppose
(©,7) is a compact three dimensional manifold with smooth boundary 0, if
moreover 0f) has positive Gauss curvature, then the Brown-York mass of 0 is
defined as (see [7, 8]):

Definition 1.4.

1

where H is the mean curvature of 0S) with respect to the outward unit normal
and the metric vy, do is the area element induced on 02 by v and Hy is the mean

curvature of 02 when embedded in R3.

The existence of an isometric embedding in R?* (Weyl’s embedding theorem)
for 002 was proved by Nirenberg [25], the uniqueness of the embedding was given
by [15, 30, 29], so the Brown-York mass is well-defined.

It can be proved that the Brown-York mass and the Hawking quasi-local mass
[13] of the coordinate spheres tends to the ADM mass in some AF manifolds, see
8, 14, 6, 4, 34, 12], and even of nearly round surfaces [36]. It is therefore natural
to ask whether the quasi-local mass of a more general class of surfaces tends to
the ADM mass.

In the coming sections, we will consider a special class of AF manifolds, called

asymptotically Schwarzschild manifolds, which is defined as follows:

Definition 1.5. (N, g) is called an asymptotically Schwarzschild manifold if N =

R3\ K, K is a compact set containing the origin, and

~ m

Gij = "0 + bij, ¢ = 1+ o M > 0,
where |bi;| + 1]0b;;| + r*|00b;;| 4+ 13|000b;;| = O (r=2).

Clearly, (N,g) is an AF manifold. For b =0, (N, 9) is called a Schwarzschild

manifold. In this case, we always denote ¢ as g. Note that the scalar curvature
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of (N, g) is zero [19] (page 283) and that of (NN,g) is in L'(N), so in both cases
the ADM mass is well defined.

1.2 Brown-York mass of revolution surfaces

In this section, we will study the limiting behaviors of Brown-York mass on some
family of convex revolution surfaces in an asymptotically Schwarzschild manifold.

Our main result is the following:

Theorem 1.6. [11] Let (N,g) be an asymptotically Schwarzschild manifold and

S be a C% (0 < o < 1) closed convex revolution surface parametrized by
() cos B, w(p)sinf, h(p)), 0<0<2r and 0 < p <. (1.5)

Then there exists € > 0 such that for any family of C>% closed convex revolution
surfaces S, in (R3,0) satisfying the following conditions:

(1)

K> % (1.6)
where K is the Gaussian curvature of S, with induced Fuclidean metric.
(i)

0<F§% (1.7)

where H is the mean curvature of S, with induced Euclidean metric.
(iii)

Cza < Eéfqrir(@ < g‘g}gi(r(:v) < Chya, (1.8)

where C; > 0 are independent of a fori=1,2,3,4.
Suppose also that (by applying a rotation if necessary) S, is parametrized by

(aw,(p) cos B, awy(p)sind, ahy(p)), 0<0<2m and 0 < p <1
such that

|wg — W] + |hg — hlcs < e for sufficiently large a. (1.9)
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Then

lim mBy(Sa) = mADM(N7 g)

a—00

From this result, one has

Corollary 1.7. Let (N,g) be an asymptotically Schwarzschild manifold. Let {S;}
be a family of C7 closed convex revolution surfaces in (R, 8) satisfying (1.6)-(1.8)

and is parametrized as:
(a;w;(p) cosb, aw;(p)sind, a;hi(p)), 0<0 <27 and 0 < p <]

for some constant | > 0, here a; are positive numbers with lim a; = +o00. If there

18 a constant ¢ such that

‘wi|c7 + ’hi’(ﬁ S C
for all i, then there is a subsequence {S; } of {S;} such that
leHOlO mpy (Si,) = mapm (N, 9).
To prove Theorem 1.6, we will show that we can actually reduce the case to

which the ambient space is Schwarzschild. The main proposition is the following:

Proposition 1.8. Let (N, g) be a Schwarzschild manifold. Suppose {Sy}aso 1S
a family of closed convex surfaces of revolution in (R3,d,;) with the rotation axis

passing through the origin, satisfying (1.6)-(1.8). Then

lim mBy(Sa) = mADM(N7 g)'

a—00

Remark 1.9. The conditions (i) and (ii) in Theorem 1.6 imply that the principal
curvature X of S, in (R3,0) satisfy CC—;I <A< % for any a. For, if 0 < A\ < Xy
are the principal curvatures, then (1.7) implies Ay < % Together with (1.6),

C1 C1
>\1 Z Xoa? = Csa”

Remark 1.10. By condition (i) of Theorem 1.6 and the Gauss-Bonnet theorem,
the Euclidean area of S, is of order O(a?).
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We will first show in Subsection 1.2.1 how our main result follows from Propo-
sition 1.8 by a perturbation argument. We will then prove our Proposition 1.8
in Subsection 1.2.3. To do this, we need some estimates for the embeddings and
the various curvatures of S,, which will be done in Subsection 1.2.2.

One example of surfaces satisfying the conditions in Theorem 1.6 is the family

of ellipsoids:

&z{uW+@%%fiP=ﬁ}

which is not nearly round [36]. In contrast, the Hawking mass of this family of
ellipsoids in (NN, g) does not tend to the ADM mass of (N, g), indeed one can check

that the Hawking mass [13] of this family tends to negative infinity as a — oo.

1.2.1 Reduction to the Schwarzschild case

In this subsection, we will reduce the case of Theorem 1.6 to the Schwarzschild

case. Let us first compare the mean curvatures of S, under different metrics.

Lemma 1.11. For the surfaces S, satisfying the conditions in Theorem 1.6, we

have

|H — H| < Ca™®

for some constant C independent of a, where H and H are the mean curvatures

of S, with respect to g and g respectively.

Proof. We claim that
|A—Al, =0 (a?) (1.10)

where A and A are the second fundamental forms with respect to g and g respec-
tively.

Let p(z) defined on N to be the distance from x to S, with respect to g. We
will use the fact [18, (7.10)]:

AX,Y) = |Vpl,A(X,Y) = (rfj - ffj) XiYip, (1.11)
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for any tangent vectors X,Y of S,. For completeness, we prove it here. We

proceed as in [36] Lemma 2.6. First of all, we have

Vp ) ) _9(Vx(Vp),Y)
Volg) Vol
_ X(Y(p) = (VxY)(p)
IVl
XY pi; — XYL} pi
Vol ’

AXY) = (Vx

(1.12)

here the subscript denotes ordinary derivative and Ffj are the Christoffel symbols
with respect to g, with the indices ¢, 7, k = 1,2, 3. Denote I:Z to be the Christoffel

symbols with respect to g. Then since the g gradient |§p|§ = 1, we also have

AX,Y) = XY py; — X'YTEpy.

1

Combining this with (1.12), we can get (1.11).
k _Tk| — -3 : :
Note that |I'}; —T'%;| = O (r~) by the assumptions of the metrics. By asymp-
totic flatness, 1 = g p;p; > C Z p?, 50 |pi| is uniformly bounded. The condition
Jij = 9ij + bij implies [§7 — ¢7| = O (r7?), so

IVpl2 = 1] = |(¢" = §7)pip;| = O (r~)
which implies
Vply=1+0(r7?).

Finally, the principal curvatures ); in Euclidean metric are of order O (a™') by
Remark 1.9, the principal curvatures )\; with respect to ¢ are related to \; by
([19] Lemma 1.4): \; = ¢72\; + 2¢°n(¢) where n is the unit outward normal

with respect to 6. In particular, as n(¢) = O(a™?),
Ay = O(a™).

Combining all these together with (1.11), it is easy to see that (1.10) holds.
Combining (1.10) and the metric conditions of g and g in Definition 1.5, this

implies the lemma. [

14
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Let (S,,ds?), (Sa,ds®) denote the surface S, with metric ds?, ds* induced
from g, g respectively. By Lemma 1.15, for a >> 1, the Gaussian curvatures on
(S4,d3?) and (S,, ds?) are both positive, which implies that they can be isomet-
rically embedded into (R3,6) uniquely. Now let us compare the mean curvature

after embedding:

Lemma 1.12. Under the same notations and conditions of Theorem 1.6. Let
Hy, Hy be the mean curvature of the embedded surfaces of (Sa, ds?) and (S,, ds?)
in (R3,8) respectively, as a >> 1, we have |f[o — Hy| < Csa™3 for some constant

Cs(S).

Proof. We can set ¢ = T, so it suffices to show that the lemma holds for [ = 7.
Also, by identifying S and S, with the sphere S?, we can regard all the metrics
here (ds? etc.) to be metrics on S%.. We will denote w, as w and h, as h. Similar

to (1.22), one has
ds* = a? ((w?+ 1W?)dp* + w?db?),
ds% = (m/? n E’Q) dp? + w2d6?
which are the metrics on S, and S induced from the Fuclidean metric respectively.

By definition,

ds® = ¢*ds?, d3* = ds* +b, where b= b dx'dz’|, on S,.

Sa

From (1.9), w and its derivatives up to forth order are uniformly bounded for

a >> 1, the same holds for h. By the conditions of b;;, it is easy to see that the

K

followings hold:
|a™2ds® — a2ds?||gs = a2||b]|cs < Csa™?, (1.13)
la™2ds® — a™2d5%||cs = a ?||(¢* — 1)d5?||cs < Cea™" (1.14)
for some constant C4(S). By (1.9), we have

|a2ds* — d5%||cs < Cre (1.15)
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for some constant C7(S). So for a >> 1, by (1.14) and (1.15), we have

||a_2d32 — d§%«||c3 S (06 + 07) E.

J
By the result of [24] Lemma 5.3, if we choose some 0 < & < such
7T1_O‘<06 + 07)

that

|a2ds® — dsg|coe < 8

for sufficiently large a, where ¢§ is the one given by [24] Lemma 5.3, then there
are isometric embeddings X and X of (S2, a~2ds?) and (S?, a~2ds?) respectively,

such that by (1.13), for sufficiently large a,
|X — X||g2 < Cslla™2d5? — a7%ds?|| g2 = O (a7?)

for some constant Cs(S). Since aX,aX are the isometric embeddings of (S2, ds?)

and (S2, ds?) respectively. Hence |Hy — Ho| = O (a=?) . The lemma holds. O
Now we can prove Theorem 1.6.

Proof of Theorem 1.6. By Proposition 1.8, we know that
.1
lim —/ (Hy— H)do = mapn (N, g).
Sa

Since the ADM mass of (IV, g) is equal to that of (N, g), combining with Lemma

1.11 and Lemma 1.12, we can get the result. [

1.2.2 Estimates for the curvatures and embeddings of S,

For simplicity, from now on to the end of this chapter, we use O (ak) to denote a
quantity which is bounded by Ca* for some constant C' independent of a as a is
sufficiently large. We will first compute the mean curvature of S, in (N, g) and
of the embedded surface of the Euclidean space respectively.

From the assumptions of S,, we can assume that S, is parametrized by

(awa(p) cos 0, awa(p) sinb, aha(p)), 0 < <l,,0 <6 <27,
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wa(p), ha(p) being smooth functions for ¢ € [0,1,] (i.e. wg, h, can be extended

smoothly on a slightly larger interval ). Moreover,
(i)
ha(0) > hqa(ly)

Cy < Vw2 + h2 < Cy (1.16)

wg > 0 on (0,1,),

(ii) The generating curve (wy(p), ha(p)) is parameterized by arc length. i.e.
w? 4+ b2 = 1. (1.17)

(iii) w, is anti-symmetric about 0 and [,, h, is symmetric about 0 and [, i.e.

wa(—SO) = _wa(so)v wa(la + 90) = _wa(la - (70)7
ha(=¢) = ha(),  halla +¢) = ha(la — ) for p € [0,€).

(1.18)

wa(0) = wa(la) = B, (0) = B (1) = 0. (1.19)

Since S, is convex in (R?, §) and the Gaussian curvature K of S, with the induced

metric ds? is

N A AT,

e for ¢ € (0,1,).

So hl, < 0 for ¢ € (0,1,) by (1.16).
Let ¢, be the function ¢ restricted on S,, note that in (¢, #) coordinates,
¢a = ¢q(p) is independent of . We have the following lemma:

/

Lemma 1.13. The functions % and h—/“ can be extended continuously to the

a a
whole [0,1,]. Moreover there exists a constant C independent of a such that for

all a,

ra

C
<=
a

a

w w
Proof. We first show that the limits lim — and lim —* exist and are uniformly

»—0 a p—lq a
bounded.
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The Gaussian curvature K of the point (0,0, ah,(0)) on S, with induced

Euclidean metric is equal to K = h{ES’Q. (This can be seen by noting that for

an arc-length parametrized plane curve (wq(¢), ha(®)), its curvature is given by
—wl!h! + hlw!. ) So at (0, he(0)), its curvature is h”(0).
As K > a—; by (1.6), |n/(0)| > /C; > 0. By L’Hospital rule,

w, W (0)

o = o)
which is finite and is bounded by some C' > 0 by (1.6) and (1.17). The same

w
applies to lim —-.
p—

la b/,

Next, observe that one of the principal curvatures of S, in (R3,4) is —miba (
[10] p.162, (10)). So by Remark 1.9, we have 7| < € on the whole 0, ,] for all
a.

By differentiating ¢, = 1+ [ C—— - —n (w %« + h,) which

- 3
2a /w2 + k2’ Mo 2a(i+nz)zttha

can be extended to [0,l,] by the above, and is of order O (a™!) by (1.16), (1.17).
[

We have the following estimates

Lemma 1.14. Regarding ¢, = ¢4(¢) as functions on S,, we have ¢/, = O(a™")
and ¢! = O(a™).

m 1

, we only have to prove (A72) = O(1)
and (A72)” = O(1). By direct computations and (1.16), (1.17),

Proof. Let A = w2+h? As¢, =1+

(A2 = |A2 (waw), + hohl)| < A2 (w? + h2)3 (w? + h2)2 = O(1).
](A_%)”] = gA_g(waw; + hahfl)2 — A_%(l + waw! + hohl)

A5 (w2 + h2) + A (1 + (w2 + A2z (W + h%)z).
/
AW,

a Y (w!? + h?)z ([10] p.162, (10)), hence by Remark 1.9, [(A~2)"| = O(1). O

The two principal curvatures of S, with induced Euclidean metric are — and
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From now on, we will drop the subscript a and denote w, by w, h, by h, ¢,

by ¢ and I, by I. We also denote ds? to be the metric on S, induced from g.

Lemma 1.15. The Gaussian curvature K of (S,,ds?) is positive for sufficiently

large a. In particular, there exists a unique isometric embedding of (S, ds?) into

(R3,0) for sufficiently large a.
Proof. Let ds? and ds? be the metrics on S, induced by § and g respectively.
ds® = a*(de? + w?dh?) = Edp? + Gdb?,
ds> = G452 = Ed® + Gdo,
implies
E=E+0(a),E,=E,+ 0O(a), Epp = Ey, + O(a)

E@ = Eg + O(a), Eg@ = Egg + O(a)

Similar result holds for G. By the formula K = — (( ) + <¢GT%>¢)

and the corresponding formula for K, one can get K = K + O (a=®). Hence the

lemma holds. [
Now let us compute the mean curvature of a revolution surface in (R3,§).
Lemma 1.16. For a smooth revolution surface S in (R3,8) parametrized by
(au(p) cos @, au(p)sinb, av(p)), 0<p <1,0<6 <2,

its mean curvature H with respect to 6 is

" /! !
— u T'u )
H = — where T = Vu'?2 + v'2.

aTv  aT? aTu

Proof. The mean curvature H of S with respect to ¢ is computed to be

ﬁ U/u// _ u/,U// ,U/
aT3 aTu

Differentiating T2 gives u/u” + v'v” = TT". This implies

/ !N /"
v — W =0 +

u/2u// _ U/TTI (ul2 + UIQ)UI/ _ U/TT/ T2ull _ TT/u/
v/ v/ v ‘

T v T W
So we have H = o oTE ) O
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Lemma 1.17. The mean curvature H of S, with respect to g is

wl/ h/

= M - agb—Qw + 4¢’3n(¢) (120)

where n is the outward unit normal vector of S, with respect to 4.

Proof. By Lemma 1.16, the mean curvature of S, with respect to 6 is H =

wl _ M. The mean curvature H of S, with respect to g is ([31], p. 72) H =

ah’ aw

o2 (F +4¢71n (qb)) The result follows. O

Lemma 1.18. For sufficiently large a, there is an isometric embedding of (Sq, ds?)

into (R3,8) which is given by
(z', 2%, 2%) = (au(p) cos 0, au(p)sin @, av(p)), ¢ €[0,1],0 €[0,2x]  (1.21)

where

u=¢*w, v =N (1 — Buw 10 (a‘2)) :
ur2 + U/Q — ¢4'
Proof. The existence has already been proved in Lemma 1.15.

In (¢, #) coordinates, the metric on S, induced by g can be written as:
ds? = a*¢rde® + a® ¢ w?d?. (1.22)

We can regard (S,,ds?) as S?, the sphere with the metric ds*. Now we want
to find two functions w, v such that the surface written as the form (1.21) is an
embedded surface S¢ of S, into (R3,§). First of all, the induced metric by the

Euclidean metric on the surface which is of the form (1.21) can be written as:
ds? = a® (u? 4+ v?) d® + a*u’db”.
Comparing this with (1.22), one can choose

u = ¢*w. (1.23)
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Consider
8~ = 8 — (20w + 6u')?) = G(F (W + h?) — (28w + ou')?)
= ¢*(¢°h"? — 4¢P ww’ — 4¢"w?)  (1.24)
_ ¢4h/2 (1 B 4¢Iwwl 4¢/2w2)

oh”? o P2h>
oo 12 2
By Lemma 1.13 and Lemma 1.14, the functions %, % can be extended
) ) gb’ww’ B ¢/2w2 B 4¢/ww/
continuously on [0,!] with W = O(a™), W — 0(a?). So1— W _

4¢/2w2
¢2 th

> ( for sufficiently large a. For these a, we can take

1
oo (1 a5
¢h/2 ¢2h/2
so that u?+v"? = ¢*. Note that by (1.18), v’ is an odd function for ¢ € [—1,1]. By
choosing an initial value, one can get an even function v. By the above argument,
one has
2¢ ww’

v = ¢* K <1 7 +0 (a2)) .

From (1.23) and (1.24), near ¢ = 0, u, v can be extended naturally to (—¢,¢)

for some € > 0. Since v is an odd function in ¢ , v is an even function in ¢, and
u? +v? =T? > 0, the generating curve in {z% = 0} is symmetric with respect to
x3-axis, and is smooth at ¢ = 0. Similarly, it is also smooth at ¢ = [. Hence the
revolution surface determined by the choice of u, v as above, can be extended

smoothly to a closed revolution surface, which is an embedded surface of S,. This

completes the proof of the lemma. n

1.2.3 Proof of Proposition 1.8
Now we are ready to prove Proposition 1.8.

Proof of Proposition 1.8. Let u,v be defined as in Lemma 1.18. Recall that

u=grw, o = @ (1222 1+ 0/(a?)),
h (1.25)
u? +0? =¢* =T? where T = ¢°.
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By Lemma 1.14, we have

T =2¢'+ 0 (a™?),u/ = ¢*w + O (a1,

(1.26)
u' = @' + 4w’ +2¢"w + 0 (a7?).
By Lemma 1.16 and Lemma 1.18,
12 T/ / /
Hy= — v (1.27)

aTv  aT?v aTu

Combining with Lemma 1.17,
1 1 !,,! / !/
HO—H:(“ S ) L —( ’ " )—4¢3n(¢). (1.28)

aTv'  ad?h')  aT? aTu  adw
Using (1.25) and (1.26),
u// B w// _ w// + 4¢/w/ 2¢//w 2¢/ww/w// B w// + O (aig)
aTv'  a@p?*h’  ag?h’ ah’ ah’ ah’ a¢?h/ (1.29)
B 4¢/w/ 2(?”11) 2¢’ww’w” i :
- ah! + ah! + ah’3 +0 (a ) :
By (1.25) and (1.26),
T 20" w’ 3
T2 al +0 (™). (1.30)
By (1.25),
v n n 2¢"w’ n _ 2¢"w’ _
—_ — O 3 — O 3
alu + ag?w agpw + ah’ + agpw + (a ) ah’ (a )
(1.31)

Summing (1.29), (1.30) and (1.31) and comparing with (1.28), we have
4w N 28"w 29 ww'w"
ah’/ ah’' ah’

As w'w” = —hW'h" by (1.17), so
Ad'w! . 28"w 28" wh"
ah’' ah’' ah'?

HO—H:

—467n(¢) + 0 (a7Y).

Ho— H = —4¢°n(¢) + O (a™?).

Denote the Euclidean area element of S, by dog, the area element of (S,, ds?) by

do. Note that Hy — H = O (a™?), do — dog = O (a™') dog and / doy = O (a?).

To prove the result, it suffices to show

1
lim —/ (Hy— H)dog = m.
Sa

a—oo &7
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The Euclidean area element is computed to be dog = a*wdpdf. By (1.19) and

Lemma 1.13,
4¢/w/ 2(25// 2¢/wh// l 4(}5/11}11)/ 2(]5”’(1]2 2¢’w2h”
/ (S T a ~ ape Vo0 =2ma /0( R T
ld 2¢Iw2
=2 - d
m/o d@( W > i

=0.

Since the norm of the Euclidean gradient of ¢ has |Vy¢| = O(r2), one has
n(¢) = O(a™?). So

1
_— (H() dO’O _— / qb dO'() + 0 (G_l)
s Sa

= 27‘( (¢)d0’0 + O ( )

By the result of [3] (Proposition 4.1), the definition of the ADM mass of N can

be taken as
alggoﬂ/ Z Giji — Giij)n dog = (1.32)

where n is the unit outward normal of S, with respect to 0. By a direct compu-
tation,
> (Gigs = ging)n? = —80° Z (91: = —8n(¢)+ 0 (a™%). (1.33)
(2%
Combining (1.32) and (1.33), we have

1
= — lim — doy.
m im /San(gb) o)

a—o0 2T

Therefore

1 1
lim —/ (Ho — H)do = lim —/ (Ho — H)doy = m.
Sa Sa

a—0o0 OTT a—0o0 OTT

We are done. N



Chapter 2

Quasi-local mass in AH manifolds

It is known that in an asymptotically flat manifold, the Brown-York quasi-local
mass of the coordinate spheres will converge to the ADM mass of the manifold
[12, 36, 11]. In this chapter, we will show an analogous result for asymptotically

hyperbolic (AH) manifolds.

2.1 Asymptotically hyperbolic (AH) manifolds

First we give the meanings of mass of an AH manifold and quasi-local mass. In
this chapter, all manifolds are assumed to be connected and orientable.
We will follow X. D. Wang [40] to define asymptotically hyperbolic manifolds

as follows:

Definition 2.1. A complete noncompact Riemannian manifold (M™,g) is said
to be asymptotically hyperbolic (AH) if M is the interior of a compact manifold
M with boundary OM such that:

(i) there is a smooth function v on M withr >0 on M andr =0 on OM such

that § = r?g extends as a smooth Riemannian metric on M ;

(ii) |drlz =1 on OM;

24
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(iii) OM is the standard unit sphere S*~1;
(iv) on a collar neighborhood of OM,
g = sinh™2(r)(dr? + g,),

with g, being an r-dependent family of metrics on S"~1 satisfying

n

r
gr290+_h+67
n

where gq s the standard metric, h is a smooth symmetric 2-tensor on S"~!
and e is of order O(r"), and the asymptotic expansion can be differentiated

twice.

Note that the definition is not as general as that in [9], see also [42]. In [40],

the following positive mass theorem was proved by Wang (see also [1, 9, 42])
Theorem 2.2. [/0, Theorem 2.5] If (M™,g) is spin, asymptotically hyperbolic

and the scalar curvature R > —n(n — 1), then

| g, = | [t ().
Snfl Snfl

Moreover equality holds if and only if (M, g) is isometric to the hyperbolic space
H™.

We only consider the case that n = 3, the theorem implies that if M is not

isometric to the hyperbolic space, then the vector

= ([t [ s

is a future directed timelike vector in R*!, the Minkowski space. We may consider

T as the mass integral for the AH manifold.

2.2 Quasi-local mass integral of AH manifolds

We introduce the following quasi-local mass integral for a compact manifold with

boundary, similar to the Brown-York mass. Let (£2,g) be a three dimensional

25
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compact manifold with smooth boundary ¥. Assume ¥ is homeomorphic to the
standard sphere S? such that the mean curvature of ¥ is positive and the Gaussian
curvature of X is larger than —1. Then 3 can be isometrically embedded into the
hyperbolic space H? by a result of Pogorelov [28] and the embedding is unique
up to an isometry of H3. Consider H? as the hyperboloid in R3!

3
H3 = {($0,$1,$27$3) € R3! . (x0)2 . Z(xzy _ l,xo N 0}.
i=1

Then the quasi-local mass integral of €2 is defined as:

/E (Hy— H)X

where Hj is the mean curvature of ¥ in H? and X is the position vector in R3!.
The motivation of this definition is as follows. In [38], M. T. Wang and Yau
proved that if the scalar curvature of €2 satisfies R > —6, then there is a future

time like vector W such that

/2(}[0 — YW

is a future directed non-spacelike vector. W is obtained by solving a backward
parabolic equation with a prescribed data at infinity and is not very explicit.
Later in [35], Shi and Tam proved that if B,(R;) and B,(Ry) are two geodesic
balls in H? such that B,(R;) is contained in the interior of ¥ in H? and X is
contained in B,(Rs), where o = (1,0,0,0) € H* C R*!, then the result of Wang-

Yau is true for W (2%, 2!, 2% 2%) = (a2, 2!, 2%, 2%) with

1 sinh? Ry :
o = coth Ry + — -1
'" sinh Ry (sinh2 R, )

Hence W is close to the position vector. It is an open question whether W can
be chosen to be the position vector.
In this chapter, we consider AH manifolds with the following condition (with

the notations as in Definition 2.1):
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Assumption A: Vg.-1e, V2, i, Vi,_ie, V4, e with respect to gy and 2¢ are
of order O(r™).

Let S, = {r = a} C (M,g) and let H to be its mean curvature. We identify
S, as the standard sphere S? with metric v, induced from g. Then for r small,
the Gaussian curvature of (S, ;) is positive where -, is the induced metric of g.

Our main result is the following;:

Theorem 2.3. [20] Let (M, g) be a three-dimensional asymptotically hyperbolic
manifold satisfying Assumption A. For all v sufficiently small, there exists an
isometric embedding X : S, — H? C R>!' such that

. ) 1
i [ o= 10Xy, = 5 ([ x| e 01 )

r—0 S,

where Hy is the mean curvature of X (S,) in HP.

Remark 2.4. From the proof of Theorem 2.3, X) in the theorem can be chosen
by applying an isometry of H? fizing o (i.e. O(3)) on X0, where X is an
embedding of S, (for smallr) such that o is the center of a largest geodesic sphere
contained in the interior of )?(T)(Sr) (or a smallest geodesic sphere containing

X(S,) in its interior).
By applying Theorem 2.2 to our result, we have

Corollary 2.5. Let (M, g) be a three-dimensional asymptotically hyperbolic man-
ifold satisfying Assumption A with the scalar curvature R > —6, if Y : S, —
H? C R3! is an isometric embedding such that o is the center of a largest geodesic
sphere contained in the interior of Y ")(S,) (or a smallest geodesic sphere con-
taining Y ")(S,) in its interior), then for sufficiently small v, the vector

[ o=y,

is either zero or is future-directed timelike. If (M, g) is not isometric to H3, then

this vector is always non-zero for sufficiently small r.
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Let us give the outline of the coming sections. In Section 2.2.1, we will es-
tablish some estimates for the various curvatures of .S, and its embedding in the
hyperbolic space. In Section 2.2.2, we will describe some basic results in hyper-
bolic geometry concerning the radii of the smallest geodesic sphere enclosing a
given convex surface and of the largest geodesic sphere enclosed by it. In Section
2.2.3, we will normalize the isometric embedding of .S, into the hyperbolic space
so that the image of the isometric embedding of S, is close to a geodesic sphere

in the hyperbolic space. We then prove the main results in Section 2.2.4.

2.2.1 Curvature estimates

In this section, we always assume (M3, g) is a three dimensional AH manifold
as in Definition 2.1 such that Assumption A is satisfied. Using the notations
in Definition 2.1, let S, = {r = a} € M. We want to obtain some curvature
estimates for S, which will be used in the proof of the main result. First we will
estimate the intrinsic scalar curvature R which is twice the Gaussian curvature

of S, with the metric 7, induced by g.

Lemma 2.6. The scalar curvature R of S, with respect to the induced metric
from g s given by

R = 2sinh?r + O(r5).

Proof. Recall that g, = go+ §h+e. Then ~, = sinh’2(7“) g, is the induced metric
on S, from g. Let R and R be the scalar curvature of S, with respect to the
metric v, and g, respectively. It is easy to see that R = SinhQ(T)}Nz. We claim
that

R=2+0("). (2.1)

The result immediately follows from this claim.
To prove the claim, let {y*}Z_; be the local coordinates on the lower hemisphere

(say) of S? induced by the stereographic projection from the north pole to the
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plane. Let g;; = g, (8‘3“ 8y3) gij = gO(ay” 8yj) and FZ,F'€ be the Christoffel

symbols with respect to g;; and g;; respectively. Let g% and ¢ be the inverse of

gi; and g;; respectively. Then

Zg]lejk where ka &fék i Z . Fl ZF” Fép, (2.2)

7,k,l

and

2= ¢"R; where Ri;, = o,l'; — 9,T}, + Z eI, =Y T, (2.3)

Jikyl p

Assumption A implies that
|§z’j - gij‘ = O(T3)7 |§ij,k - gij,kl = O(T?’) and |§z’j,kl - gz‘j,kl| = 0(7“3)7
where g;; ) = 69” etc. Hence
Il =T = 0(r’) and 9,1, — O, = O(r). (2.4)

In view of (2.2) and (2.3), these imply that ka R} = O(r®) and hence
R —2 = O(r®). We conclude that (2.1) is true. This completes the proof of the

lemma. [
Next, we want to estimate the mean curvature H of S, with respect to g.

Lemma 2.7. If (M, g) is asymptotically hyperbolic satisfying Assumption A, then

the mean curvature of S, is
L 3 4
H =2coshr — 57 trgh + O(r?).

Proof. Let {e;}5_, be a local orthonormal frame on (S? go). The outer unit

normal of S, is ¥ = —sinh r%. Denote g(e;, e;) by gi; and g,(e;, e;) by o0;;, then

H=v (log \/M)
— _sinh 7’82 (log <sinh2 rW))

1 h
= 2coshr — _ smhr 8 — det (o).
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It is easy to see that det (o;;) = 1 + %trgoh + O(r*) and by the condition %¢ =
O(r3), that Zdet(0;) = rtrg,h + O(r®). Combining these with the above

calculation, we can get the result. O

By Lemma 2.6, for sufficiently small r, the Gaussian curvature K of (S,,,)
is positive. Hence (S,,~,) can be isometrically embedded into H? which is unique
up to an isometry in H? by the results of Pogorelov [28]. Moreover, by the Gauss

equation, for an orthonormal frame in S,,
-1+ X11X22 — X%Q =K >0.

Hence the embedded surface which will be denoted by ¥, is strictly convex. Let
Hy be the mean curvature of ¥,., we want to estimate Hy and compare it with H.
To estimate Hy, we will generalize a result on convex compact hypersurfaces

in R™ of Li-Weinstein [22, Theorem 2] to compact hypersurfaces in H".

Lemma 2.8. Suppose ¥ is a closed convex hypersurface in H"™, n > 3. If the
scalar curvature R of ¥ satisfies R+ (n —2)(n —3) > 0, then its mean curvature

Hy satisfies the inequality

H2 < max 2R* —2(n—1)R— AR
0 =% R+ (n—2)(n—23)

where R = R+ (n —1)(n —2) and A is the Laplacian on 3.

Proof. We basically follow the ideas from [22]. Let x be the second fundamental
form of ¥ C H". Let p € ¥ be such that Hy(p) = max Hy. Let {27}7~} be a
normal coordinates of ¥ around p so that x;; = A;d;; at p. Then at p, Hy,; is
negative semi definite. Here we use S, to denote the covariant derivative of S on

¥ with respect to the induced metric. Since x;; is positive, at p we have,

HoAH, = (Z A,-) (Z HO;M) <> AiHo. (2.5)
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All sums here will have indices from 1 to n — 1. Since H" has constant curvature,

the Codazzi equation implies
Xijk — Xikyj = 0. (2.6)
By the Gauss equation, we have
R+ (n—1)(n—2)=H; — |x]* (2.7)
Let R;ji be the intrinsic curvature tensor of ¥. At p,

AR = 2HoAHy + 2|V Hol* = 2/Vx* = 2> A

ik

ik

=2 Z Ni (Xkkai — Xwizik)  (by (2.6))
ik

=2 Xij(RiitmXmi + RriimXem)  (by Ricei identity and (2.6))

i,k,m

=2 Rpian(—A7 + Aidr)
i,k

=2 Z(—l + X)) (=22 + A\ Ap)  (by the Gauss equation)
ik

=2 ((n— D)|x> = Ho Y N — Hp + \X!4) :

By [22, Lemma 2], since A; > 0,

—2) N < <Z AZ) -3 (Z A?) (O X) = Hi = 3[x|*Ho.

Plugging this into the above and use (2.7), at p,
AR < 2(n —1)|x + 3RH2 — 2H} + 2|x|* — 2H?
—=2(n—1)(H? — R) + 3RH? — 2H} + 2(H2 — R)* — 2H?
= —(R—2(n—2))H2—2(n—1)R + 2R*.

From this it is easy to see that the lemma is true. ]
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Applying the previous lemma to ¥, which is the embedded image of (S,,,),

we have:

Corollary 2.9. With the same assumptions and notations as in Lemma 2.6, for
sufficiently small r, the mean curvature Hy of ¥, in H? satisfies

AR

where A is the Laplacian on S, under the induced metric, R = 2K and K is the

Gaussian curvature of S;.
We now estimate Hy.

Lemma 2.10. The mean curvature Hy of ¥, in H? is given by
Hy = 2coshr + O(r®).

Proof. By the Gauss equation, 2R < R + |x|? = HZ where R=R+2and yis
X is the second fundamental form of the embedded S,.. So by combining Lemma

2.6 and Corollary 2.9, we have

4cosh®r + O(r%) < HZ < 4cosh®r + max

A_}f‘ +O(r5).

The proof would be completed if we can show that AWR = O(r°). The proof is
analogous to that of Lemma 2.6. Using the notations in the proof of Lemma 2.6,

it is easy to see that
AR sinh*r ~
—=—A, R 2.8
R R gr ( )
where R is the scalar curvature with respect to g,. Using Assumption A, we have

|a(k)f§j _ a(k)Féﬂ = O(r®) for k= 0,1,2,3,

with respect to the coordinates {y'}?_;. Together with (2.2) and (2.3), we con-
clude that &;R — &;R = O(r?) and 8%& — 05 R = O(r?). Hence

Ay R— Ay Ry = O(r®).

As Ry = 2 is a constant, by (2.8) and Lemma 2.6, the result follows. O
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Combining Lemma 2.7 and Lemma 2.10, we have

Corollary 2.11. On S,

1
Hy— H = §r3trgoh +O(r").

2.2.2 Inscribed and circumscribed geodesic spheres

It is well known that a compact convex hypersurface ¥ in R™ can contain and be
contained in spheres with radius depending only on the upper and lower bound
of principal curvatures \;. In this section, we will describe the corresponding
results in H", which will be used later. We will sketch the proofs for the sake
of completeness whenever we could not locate a reference. We only consider the
case n = 3. The general case is similar. The following is a direct consequence of

a result of Ralph Howard [17, Theorem 4.5].

Proposition 2.12. Let ¥ be a compact convex surface in H® and cothb =
max Ai(x) > mig Ai(x) > 1, then there is a geodesic sphere of radius b which
kS xe

1 contained in the interior of 2.
Proof. By [17, Theorem 4.5], since A; > 1 on X, the largest radius (rolling radius)
of geodesic balls which can roll inside ¥ is equal to the focal distance of X.

We claim that the focal distance of ¥ in H? is equal to

mig{p ccothp = \i(x),1=1,2}.
re

The result then immediately follows.

To prove the claim, we use the following characterization of the focal distance
in terms of Jacobi field ([17] p. 474). For p € ¥, a ¥-adapted Jacobi field V (s)
along the inward-pointing arc-length parametrized geodesic v(s) starting from p

is one which satisfies

V"+ R(V,7 )y =0, V(0) e T,x, V'(0) = —A(V(0))
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where V) = V(j)V and A is the shape operator. For such a V' #£ 0, y(I) is a
focal point of ¥ along v if V(I) = 0. If y(I) is the first focal point along ~, the
focal distance at p is then [ and the focal distance of ¥ is the minimum of the
focal distances among all p € X.

Now, if e is an unit eigenvector of A, with eigenvalue A, we can then parallel
translate e along v(s) to form e(s). We define V(s) = (coshs — Asinh s)e(s).
Then

Vi=V and R(V,Y)Y =AW+ (V) =-V.

Thus V" + R(V,7')y = 0. Also, V'(0) = —Xe(0) = —A(e), V(0) € T,X. ie. Vis
a X-Jacobi field. As V(r) = 0 where cothr = A, y(r) is a focal point.

Conversely, if (1) is a focal point with the corresponding Y-adapted Jacobi
field V(s). Then by the Jacobi field equation, (V,+')” = 0. The conditions of V'
implies (V(0),~/(0)) = 0= (V(1),~/(1)), so we have

(V.”) =0.
Then
O — Vl/ _I_ R(‘/’ ’Y,)’y/ — Vl/ o (<7/,7,>V o <‘/'7 ,y/>/y/> — Vl/ o V
Let {e;}?_; be the unit eigenvectors of A, with eigenvalues i, we can then parallel

translate e; along v(s) to form e;(s). Let V(s Z fi(s)ei(s), then the above

equation implies

f'=1fi or, fi=a;sinhs+b;coshs.

)

But then V'(0 Zalez = — Zb \i€;. So a; = —b;\; for all 7.

Finally V(1) =0 1mphes b; coshl = b;\; sinh [. Therefore we have either b; = 0 or
cothl = X;. We conclude that V' is of the form V'(s) = (cosh s — \; sinh s)e(s) for

some i and for some parallel e(s). From this we can see that the claim is true. [J

For circumscribed geodesic spheres of Y, we have the following:
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Proposition 2.13. Let X be a closed convex surface in H? with \; > cotha > 1

on X, then there is a geodesic sphere of radius a which contains ¥ in its interior.

Since we cannot find an explicit reference for this, we will give more details of
the proof. We use the idea of Andrejs Treibergs [37] to give a proof. To show this,
we need the following lemma about convex curves on H? which is an extension of

Schur’s theorem for plane curves.

Lemma 2.14. Let o and 3 be two curves in H? with same length | parametrized
by arc length. Suppose let v be the geodesic from a(0), a(l) and o be the geodesic
from ((0) to B(l). Suppose a and v bounds a geodesically convex region, and (3,
o bounds a geodesically convex region. Suppose the geodesic curvature k of o is
larger than the geodesic curvature k of B which are assumed to be positive. Then

length of v is less than the length of o.

Proof. Let us use the right half plane model for H?:

H? = {(z,y) € R?*| = > 0}

with metric ds? = %. We may assume that « is given by ~(t) = (¢, ¢),
a <t < band cis a constant. We also assume that « is below ~. That is, if
a(s) = (z(s),y(s)), then y(s) < c. We may assume that a touches the geodesic
(t,c) for some ¢ at «a(sg) some 0 < sy < [. Then « lies between the geodesics
y =cand y = . Move (3 such that 3(sg) = a(sg), B(so) touches y = ¢’ at (3(so)
and ( lies above y = ¢/; i.e., (3 is in the region y > (.

Let a(s) = (x(s),y(s)) and B(s) = (Z(s),y(s)). Let 6(s) be the oriented angle
from the tangent of the geodesic (¢,y(s)) to o/(s). Define 6(s) for 3 similarly so
that 6(so) = (so) = 0.

Note that for any [ > s > s’ > s, y(s) # y(s'), otherwise the curve (¢, y(s))
is part of o which is a geodesic. This is impossible, because k£ > 0. Hence y is
increasing in (so,l). So

¥ =xzcos,y = xsinb. (2.9)
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Hence sinf > 0. But for sy < s < [, if sinf(s) = 0, then the geodesic (¢, y(s)) is
tangent to «, which is impossible because of convexity of the region bounded by
a and 7. So sinf > 0, there.

On the other hand, we have [10, p. 253]:

k= —sinf+6.

Hence 0 < 6 < 7 on (sg,!). Similarly, we have

k= —sina—i- 0.

Since k > k and 6(so) = 6(so) = 0, so for s > s near so, 0(s) > 6(s). Suppose

there is a first [ > s; > sy such that 6(s;) = 6(sy). Then at sy,

k—k=0(s1) —0(s1) <0,

This is impossible. Hence 0 < 0(s) < 0(s) < 7 in (s, ().
Now
lx/ l
log z(l) — log z(sg) = / —ds = / cosf(s)ds
S0 x S0
and

[~} l .
log Z(1) — log T(sg) = T ds = / cosf(s)ds
T s

S0

Hence logz(l) > logxz(l) = logb. Similarly, one can prove that logz(0) <
log 2(0) = log c. In particular, (0) < Z(l). Now the length L(~y) of 7y is log b—log c.
Hence L(vy) <logz(l) — log z(0).

We claim that log Z(l) — log 7(0) < L(o). We may assume 3(0) < y(/). Then
log Z(1) — log 7(0) is the length of the geodesic (¢,%(1)), £(0) < t < Z(l). Then by
the sine law in H?, we conclude that the claim is true. This completes the proof

of the lemma. O

Lemma 2.15. Let o be a closed geodesically convex curve in H? with geodesic
curvature ko, > r > 0. Let 8 be a geodesic circle with geodesic curvature r.
Suppose o and [ are tangent at p such that o and 3 lie on the same side of the
geodesic through p and tangent to o and 3. Then o will lie inside 3.
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Proof. We use the disk model for H?. We may assume that 3 is a Euclidean circle
with center at the origin and with radius a > 0, say. We may also assume that
p = (0,—a) and [ is parametrized by (acosf,asinf), —m < 0 < x. It is easy to
see that (3(0) is outside « near p, for 6 € (=5 — 6y, —5 +0p) = I for some 6 > 0.
Suppose the lemma is not true. Then [ will intersect v at some 6; ¢ I. Without
loss of generality, we may assume that there is § > 6, > —7 +0p, such that o and
3 intersects at ¢ = (3(61) and 3(0) lies strictly outside a in (=% + 6, 01). Then
the length of § from p to q is strictly larger than the length of o from p to ¢ by the
Gauss-Bonnet theorem and the fact that k, > r. Then there is 6 > 6 > —7 + 6
such that the length of 5 from p to u = (3(6s) is the same as the length of a from
p to q. By Lemma 2.14, we conclude that d(p,q) < d(p,u). Since p,q,u are on

the geodesic circle 3, this is impossible by the cosine law in H?.

O

Proof of Proposition 2.13. Let p € . Let S be the geodesic sphere with radius a
which is tangent to X at p with the same unit outward normal at p. Let P be any
normal section. That is, P is the totally geodesic H? which passes through p and
contains the geodesic normal to ¥ (and S) at p. Let y = PNY and § = PNS.

Since the principal curvature of X is larger than coth a, v is a closed convex
curve in P with geodesic curvature larger than cotha. 3 is a geodesic circle of
radius a in P. By Lemma 2.15, v lies inside # and hence is inside S. Since P is

an arbitrary normal section, the result follows. O]

2.2.3 Normalized embedding of (5,, ;)

Let (M?,g) be an AH manifold satisfying Assumption A. Let (S,,7,) be as in
Lemma 2.6. The isometric embedding of (S,,~,) is unique up to an isometry of
H3. In order to prove the main results, we have to normalize the embedding. As
a first step, using Lemmas 2.6 and 2.9, we can apply Propositions 2.12 and 2.13

to obtain the following:
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Lemma 2.16. With the above assumptions and notations, we can find a positive
constant C' such that for each small v, if ¥, is the isometric embedding of (S, )
in H3, then there exist geodesic balls B;, and By with the same center and radii

Pin and Py respectively, such that By, is in the interior of X, By, contains X,

and Pin; Pout satisfy:

Pin Z o — CT37pout S o+ CTS; (210)

1

where o = o(r) > 0 is given by sinho = ——.

Proof. Let r be a fixed small number. Let \;(z) be the principal curvatures of

x € X,. By Lemmas 2.6 and 2.10 and the Gauss equation, it is easy to see that
\j = coshr + O(r). (2.11)

Let coth p = A;, then

—llo (A]"{’l)_llo (COShT+1+O(r5))_1 5 (coshr+1
F=3 g)\j—l 2 gcoshr—1+0(r5) 2 % Coshr — 1

=0+ O(r?).

)+ O(r?)

From this and Propositions 2.12 and 2.13, it is easy to see the corollary is true. [

By Lemma 2.16, the first normalization of the embedding is to normalize such
that the center of the geodesic balls in Lemma 2.16 is at a fixed point o € H?. We
will use geodesic polar coordinates (o, y) with center at o, where o is the geodesic
distance from o and y € S? so that a point in H? is of the form exp,(oy). The
metric gge is given by do? + sinh? o gy where gq is the standard metric on S2.

The isometric embedding X is given by X (z) = exp, (™ (z)y™ (z)).

Lemma 2.17. With the above notations, there exists a constant C' > 0 such that

for all r small enough,
‘dsz(xbmz) — dg2 (y(’”)(xl), y(r)(xg))‘ < Crd

for x1, w9 € S?, where ds2 is the distance on S? with respect to the standard metric.
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Proof. Let z1, 2, € S* and let X(") as above so that the embedded image ¥, lies
between two concentric geodesic spheres 0B,(R;) and 0B,(Ry) with center at o
and with radii Ry > Ry such that R; = o + O(r3), i = 1,2, and o is given by
sinho = —— by Lemma 2.16. Here and below O(r*) will denote a quantity
with absolute value bounded by Cr* for some positive constant C' independent
of r and x;, 25 € S°.

Let [(x1,z2) be the intrinsic distance between xq,xo € S, with respect to the

metric ,. By the definition of AH manifold, it is easy to see that

l(zq,29) = dg2 (21, 22) (14 O(r?)) . (2.12)

sinhr
On the other hand, let vy, vy be the points of intersections of dB,(Ry) with the
geodesics from o to X (1) and X ™) (x5) respectively. Since X" is an isometric
embedding, the intrinsic distance between X (x;) and X (x,) in ¥, is equal
to l(z1, ). Since X, is strictly convex in H? by (2.11) and R; = o + O(r?), we
have

l(z1,22) < dop,(ry)(V1,02) + O(r?)

because [(xy,rs) is the minimum of lengths of curves in H? outside ¥, which
join X (x1) and X (x,). Here dyp,(r,) is the intrinsic distance function on

0B,(Rz). So we have
[(x1,x2) < sinh odse (y(r)(xl), y(’”)(:vg)) +O(r?).

Using the fact that 9B,(R;) is also strictly convex, one can prove similarly,
[(x1,29) > sinh odge (y(r)(xl), y(T)(xg)) +0(r?).

Combining these two inequalities we have:

[(x1,x2) = sinh odgz (y(’") (21), ¥ (22)) + O(r?). (2.13)
By (2.12), (2.13) and the fact that sinho = ——, the result follows. O

Let X be the isometric embeddings normalized as above.
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Lemma 2.18. With the above notations, by composing X with isometries of

H? fizing o, and the resulting isometric embeddings still denoted by X"), we have:

limy"(z) =z, x¢€S%

r—0

The convergence is uniform in x.
Proof. © € $? is of the form z = (z!, 22, %) with Z(x’)z = 1. Let e; = (1,0,0),
es = (0,1,0) and e3 = (0,0, 1). By composing Withi isometries of H? fixing o, we
may arrange that for all
Yy (er) = er,yM(es) € {2® = 0,22 > 0}, y" (e5) € {2 > 0}. (2.14)
By Lemma 2.17,

ds2 (y" (e2), e1) = ds2(y" (e2), ¥ (1)) = dsz(ea, 1) + O(r?).

By (2.14), we can conclude that lin% y"(ey) = e,. For any r, — 0 such that
y)(e3) — a = (a',a?,a®) with a® > 0. Then by Lemma 2.17 again, we have

s
dSZ(Gl,CL) = dg2(€2,a) = E

Hence a = e5. This implies that lin% y(’")(eg) = e3. That is, we have

lim 4" (e;) = e;, for 1 <i < 3. (2.15)
Now for any x € S? and r,, — 0 such that lim y")(z) = b. Then by (2.15)

n—oo

and Lemma 2.17, we have
ds2(e;,b) = dg2 (e, x), for 1 <i<3.

Hence b = z and so lir% y " (z) =z for all z € S?,
We claim that the convergence is uniform. Fix zy € S? for any € > 0, by
Lemma 2.17, let C' be the constant in the lemma, for any x € S? with dg:(z, z¢) <

€, we have
ds2(y(r)<1')7 r) <ds> (y(r) (), yt") (w0)) + ds2 (y(r) (z0), w0) + ds2 (20, 7)
<2dg2(xg, x) + dg2 (y(”) (x0),z0) + Or?

<3e
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provided r is small enough depending only on z and €. Since S? is compact, this

proves the claim that the convergence is uniform. O]

2.2.4 Proof of Theorem 2.3

We now prove our main results. First, we embed H? in the R>! so that H*® =
3
{(2° 2, 2% 2°) € R* @ (29)® — Z(:c’)2 = 1,2° > 0} and the fixed point o in

=1
Section 2.2.3 is mapped to the point (1,0,0,0).

Proof of Theorem 2.5. For r small, let X" be the embedding of (S,,,) in H?
given by Lemma 2.18. With the notations as in section 2.2.3, when considered

as an embedding of (S,,7,) in R*!, X is of the form
X (z) = (cosh o™ (z),sinh 0 (z) ™ (2)). (2.16)

Now by Corollary 2.11, Lemmas 2.16 and 2.18, we have as r — 0,

Hy— H = Ztrgoh + O(rY),
cosho™(z) = cothr +O(r?) = 1 + o(1),
" (2.17)
sinho(z) = ==+ 0(r?) =14 0(1),
y") () =z +o(1).

\

As before, O(r*) represents a quantity with absolute value bounded by Cr* with

C being independent of r and x. Moreover, by Definition 2.1, the volume form

i, = oy +00%)) diy = (5 + 01t 215

sinh? r

as r — 0, where dy,, is the volume form of the standard metric go. By (2.17)
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and (2.18), we have

[ (o~ mx T,
Sr

:/ (Ho — H) (cosh o™ sinh o™ y(’")) dft-,

T

- /SQ ((ﬁtrgoh +0(r) (% +o(1), % - 0(1)> (% + 0(1))) dyg,

2 T
1
=3 trg, (R)dptgy, | trgy(h)axdpg, | + o(1).
s2 s2
From this the theorem follows. O

Proof of Corollary 2.5. Under the assumptions of the corollary, suppose (M, g)
is not isometric to H?, then by [40, Theorem 2.5], or Theorem 2.2,

/ trg, (h)dpg, > ‘/ trg, (h)zdpig,
S2 S2

Let X be the isometric embedding of (S,,~,) as in Theorem 2.3, then by the
theorem there exists € > 0 such that if  is small enough then for any future null
vector n = (1,§),

[ (Ho= BYX0 s,

r

< —e.
R3.1

Hence [¢ (Ho — H)X Mdp., is timelike and is future directed. From this and

Remark 2.4, it is easy to see that the corollary is true. [
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Chapter 3

Positivity of quasi-local mass

The positive mass theorem states that for an asymptotically flat manifold (M, g)
such that g behaves like Euclidean at infinity near each end and suppose its
scalar curvature is non-negative, then its ADM mass of each end is non-negative,
moreover if the ADM mass of one of the end is zero, then (M, g) is actually a
Euclidean space. Schoen and Yau [31, 32] proved the positive mass theorem.
Witten [41] (see also [26, 3]) gave a simplified proof the positive mass theorem
using the spinor method. Since then the method of spinor has been adopted by
many people to prove positive mass type theorems or some rigidity results, see
for example [34, 1, 23, 38].

In particular, let us look at some results in this direction. M. T. Wang and Yau
[38] developed a quasi-local mass for a three dimensional manifold with boundary
whose scalar curvature is bounded from below by some negative constant. Using
spinor method, they were able to prove that this mass is non-negative. Later
on, Shi and Tam [35] also proved a similar result in the three dimensional case,
but with a simpler definition of the mass. In this chapter, we will show that the
results of Wang-Yau and Shi-Tam also hold in higher dimensions.

In [35], Shi and Tam proved the following:

Theorem 3.1. (/35] Theorem 3.1) Let (€2, g) be a compact 3-dimensional ori-
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entable manifold with smooth boundary > = 0S), homeomorphic to a 2-sphere.

Assuming the following conditions:
1. The scalar curvature R of (Q, g) satisfies R > —6k? for some k > 0,

2. ¥ is a topological sphere with Gaussian curvature K > —k? and mean
curvature H > 0, so that X can be isometrically embedded into Hikg with

mean curvature Hy.

Then there is a future directed time-like vector-valued function W on 3 such that

the vector
/(HO — H)Wdx
by

is time-like. Here W = (x1,xq,x3,at) for some a > 1 depending only on the

intrinsic geometry of X, with X = (x1, x9,x3,t) € Hikz Cc R

In this chapter, we will prove the analogous result in higher dimension for spin
manifolds (note that three dimensional orientable manifolds are spin). There are
two ingredients which are most important in establishing the main result (The-
orem 3.16), one is a monotonicity formula (Lemma 3.6) for the mass expression,
the other is a positive mass type theorem (Theorem 3.7). This theorem was orig-
inally proved by M.T. Wang and Yau [38] in the three dimensional case. Here we
will give a proof in general dimension. In particular, the existence of the Killing
spinor fields play an important role in the proof. What is new in the proof of the
theorem in higher dimension are two identities involving Killing spinors on the
hyperbolic space (Proposition 3.10, 3.9).

This chapter is organized as follows. In Section 3.1, we will first state and
prove some preliminary results. In Section 3.2, we will give the proof of a positive
mass theorem in general dimension. In Section 3.3, we will then give our main

result.
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3.1 Preliminaries

In this section, we will state and prove some preliminary results. The setup is as
follows.

Let (€2, g) be a compact n-dimensional manifold with smooth boundary ¥ =
082, homeomorphic to a (n — 1)-sphere. Suppose the scalar curvature R of
satisfies R > —n(n — 1)k? for some k > 0. Let H be the mean curvature of
Y. with respect to the outward normal. We assume H is positive, the sectional
curvature of 3 is greater than —k? and X can be isometrically embedded uniquely
into H",,, the hyperbolic space of constant sectional curvature —k?. We use the

following hyperboloid model for H" ,,:
n n . 1
H—k’2 = {(‘rla' o anat) eR A ’ ZI? —t2 = _ﬁ7t > O} (3].)
i=1

n
where R™! is the Minkowski space with Lorentz metric Z dz? —dt*. The position
i=1
vector of H",, in R™! can be parametrized by

1
X = (21, ,x,,1) = E(sinh(kr)Y, cosh kr) (3.2)

where Y € S*!, the unit sphere in R”. Note that r is the geodesic distance of a
point from o = (0,---,0,1/k) € H",,. Without loss of generality we can assume
that ¥y, the embedded image of 3, encloses a region )y which contains o.

Let X, be the level surface outside Y, in H",, with distance p from 3.
Suppose F': ¥ — H",, is the embedding with unit outward normal N, then X,
as a subset of R™! is given by ([35] Equation (2.2))

X(p, p) = cosh(kp) X (p, 0) + %sinh(k:p)N(p, 0). (3.3)

Here for simplicity, (p, p) denotes a point 3, which lies on the geodesic perpen-
dicular to ¥ starting from the point p € 3 and X (p,0) = X (F(p)).
On H",, \ Qo, the hyperbolic metric can be written as

g =dp® + 9p, (3.4)
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where g, is the induced metric on ¥,. As in [38], we can perturb the metric to

form a new metric on H" ., \ Qo
o = + g, (3.5)

(note that the induced metrics from ¢’ and g” on X, are the same) with prescribed

scalar curvature —n(n — 1)k?, where u satisfies ([38] Equation 2.10):

2Hog—u = 2u*Au+ (u—u?) (R + n(n — 1)k?),
p (3.6)
o HO(p7 0)

Here A, is the Laplacian on ¥,, R’ is the scalar curvature of ¥,, Hy(p, p) is
the mean curvature of ¥, in (H",., ¢') and H(p) is the mean curvature of JQ in
(2, g). The mean curvature of 3, with respect to the new metric ¢g” is then

Hy(p, p)

app) (3.7)

H(p,p) =

We have the following estimates:

Lemma 3.2 (cf. [38] p. 255-257). 1. For all p, e **?g, is uniformly equiva-
lent to the standard metric on S"'. Indeed, we can choose a coordinates
around any p € ¥ such that guw(p,p) = fOw, where f = sinh®(k(p, +
p))/ sinh?(kpia), €2* or cosh? (k(pa+p))/ cosh®(kpa) and A(p,0) = k coth(kpg), k

or ktanh(ku,) is the initial principal curvature.

2. Let d¥, denotes the volume element of 3., then e~("=VEdy is uniformly

equivalent to the volume element dS™! of S*~1.

3. The principal curvatures of ¥, with respect to g is of order \,(p,p) =
k(14 O(e=2*7)), and therefore Hy = (n — 1)k + O(e~2*).

4. lu—1] < Ce ™ for some C > 0 independent of p.

We also have the following long time existence result:
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Proposition 3.3 (cf. [38] Theorem 2.1). 1. The solution u of (3.6) exists for

all time and v = lim e"*"(u — 1) exists as a smooth function on X.

p—00
2. ¢" = udp® + g, is asymptotically hyperbolic [1] on M = H",, \ Qo with

scalar curvature —n(n — 1)k2.

3. Let A: (TM,q') — (TM,g") be the Gauge transformation defined by Aa% =
%a% and AV =V for any vector V€ T, then |A — Id|y = O(e™"*) and
|V'Aly = O(e "),

Since the proofs of the above two results are exactly the same as in [38] except

some minor modification, we omit them here.

Lemma 3.4. (cf. [35] Lemma 3.4) On H" , \ Q,

HO%—X +A,X — (n—1kE*X =0.
P

Proof. Under the representation in (3.2) in H" ,, the Laplacian in H" , is given
by
A =2 Dk cothkr-2 + k?sinh™2 krA
0 = 58 + (n—1)kco Ta—p + k* sin rAgn-1.
By Agnle = —(n — 1)Y for Y € Sn—l and (32), AHikQX = ’I’Lk’2X

On the other hand, under the foliation by ¥,, the Akaz is given by

02 0
AHZI;Q — 6_,02 + H()a—p + Ap
where A, is the Laplacian on ¥,. So using (3.3),

0? 0 0
2y _ _ 2
nk:X—ap2X+HoapX+ApX—kX+HoapX+ApX.

]

Let By(R1) and By(Rs2) be geodesic balls in H",, such that By(R,) C D C
Bo(R3). We define W = (x1, z9, -+ , x,, o) with

1
1 sinh? k Ry 2
— cothk 1
o= cothkftv+ 20T R <sinh2 kR, ) ’
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where X = (21,29, ,x,,t) is the position vector of ¥, in R™'.

By the same argument we have
Lemma 3.5. On H",; \ Qo, HyG) + AW — (n — DE*W = 0.

Lemma 3.6. (cf. [35] Equation 3.8) On H",, \ o,

dii) ( /Z (Hy — H)Xd2p>
=— /z ut(u— 1) ((RP + (n—1)(n — 2)k?) % + Ho%—)p() dx,.

P

Proof. By (3.6) and the divergence theorem,

d
pr ( /2 p(Ho - H)Xde)

d
= Hy(1l —u HXdY
dp ( Eﬁ 0( ) P)

:/ oy HOuQZ—ZX L H1 — ) 2E
Zp

dp dp
+ Hy(1 —u M) X)d%,
= [ (G v Ea-ux (33
2, dp
1, ) 4, 0X
+{Aput 5™ —u) (R +n(n = 1E) | X + Ho(1 —u )a—p)dEp
:/ ((@ + H)(1 —u X + l(u_l —u) (R’ +n(n— k)X
I dp 2
_1,0X
+ H()(l — U )6_,0 + (U — I)APX)dEP
:/ (I4+ 11+ 111+ 1V)d%,
Ep

where we have used (3.6) in line 4 and divergence theorem in line 5. The Gauss
equation gives

R = —(n—1)(n —2)k* + HZ — |A]? (3.9)

where A is the second fundamental form of ¥, with respect to the hyperbolic

metric ¢’. By the evolution equation of Hy ([38] Equation 2.4) and the Gauss
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equation (3.9),

H,
88_[)0 — AP+ (n— D) = R+ (n— 1)%* — HZ.

Sol=(R\+(n—1)72k*)(1—-uhX.

Direct calculation gives

(R 4+ (n — D21 —u™) + %(u‘1 —u)(R" +n(n — 1)k?)
__ %u_l(u 2R+ (n—1)(n — 2)k2) — (n— 1)(u— 1)K,

So we have
I+ 1= (—%u‘l(u —1)*(R*+ (n—1)(n—2)k*) — (n — 1)(u — 1)k*)X.
By lemma 3.4, A, X — (n — 1)k*X = —Ho%—f- Therefore
I+ 1T +111+4+1V

__ %ul(u 12 (R + (n— D)(n - 2)k?) X

Hoy 0X ,
+(u—1) ( g, FAX = (= X)
L 2 2 -1 X
= Su (u—1 (R + (n—1)(n—2)k*) X + (u—1)(u _1>H06_p
=—u'(u—17( (R"+ (n—1)(n—2)k?) X + Hoa—X :
2 Op
This together with (3.8) gives the result. O

3.2 A Positive mass theorem

We will need the following positive mass theorem ([38] Theorem 6.1) which was

proved by M.T. Wang and Yau when n = 3.

Theorem 3.7 (Wang-Yau). Let n > 3 and (2, g) is a n-dimensional compact spin
manifold with nonempty smooth boundary which is a topological sphere. Suppose

the scalar curvature R of Q satisfies R > —n(n — 1)k?, the sectional curvature
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of its boundary X satisfies K > —k?, the mean curvature of the boundary with
respect to outward unit normal is positive, and X can be isometrically embedded
uniquely into H" ., in R™. Then

lim [ (Ho— H)X-( <0

[
p— b

for any future-directed null vector ¢ in R™', where Hy, H are functions in (p, p)
as in (3.7)

In other words, lim (Hy — H)XdX, is a future-directed non-spacelike vector.
p—00 P

As a corollary,

Corollary 3.8. With the same assumptions as in Theorem 3.7,

lim [ (Hy— H)coshkrd:, >0

p—oo Js,

where 1 is defined in (3.2).

3.2.1 Killing spinors on (H",,,q’)

The proof of Theorem 3.7 requires the existence of Killing spinor fields (i.e. a sec-
tion of the spinor bundle (see for example [21]) S(H",,, ¢) satisfying the Killing
equation (3.10)) on the hyperbolic space. A Killing spinor ¢’ on (H" ., ¢’) satisfies

the equation

e

S+ 2_ kd'(V)¢' = 0 for any tangent vector V (3.10)

where (V) is the Clifford multiplication by V' and V' is the spin connection
(with respect to the hyperbolic metric ¢’). The Killing spinors on hyperbolic
spaces were studied by Baum [5]. Baum proved that on H",,, the set of all
Killing spinors is parametrized by a € C*", m = | %] (integer part of Z). We

need the following two propositions.
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Proposition 3.9. Let ¢, be the Killing spinor on (H",2,9"), corresponding to
aeC¥, m=|%], then
|¢:1,0|52)’ = —2kX - Ca

where - denotes the Lorentz inner product in R™' and

Z(\/_c(e])a aYe; — (V—1c(eg)a, a)eg (3.11)

7=1

Here (,) is the inner product in C*", c(e;) denotes the Clifford multiplication by
the Clifford matrices (as defined in [5]) for the orthonormal basis % = eq, a%j = e
V-1
in R™Y (1 < j <n) and c(ey) is defined to be
V-1
Proof. Let k = 1 for simplicity. Baum ([5, Theorem 1], p = ——) proved that
in the ball model for H", the Killing spinor can be expressed as (note that the

spinor bundle is trivial)

2
¢ = Pao(x) = | T30 — V—lc(z)a)
1 —|z]
where ¢(x)a = Z zjc(ej)a for x = (x4, ,x,). It is easily computed that
j=1
1+ |z|? 2
?=2 2 - —1 :

o =2 (1ol - =V Teaa)

The change of coordinates from the ball model to the hyperboloid model is given

by
20 1+ |z)?

X =
TR 1= P

) € R™,

So

1+| ‘2| |2
1 — [zf?

—2X-Ca:—4zl_’ E (V—1c(e;)a, a) + 2

N e 2
=2 (1 mypp la|* — = |$|2(\/—_lc(x)a,a>)
= |¢]*.
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Proposition 3.10. For every null vector ¢ € R™ (n > 2), ¢ = (, for some

a € C*, where m = | 2| and (, is defined in (3.11).

n n

Proof. Define 1, = Z(V—_lc(ej)a, a)e;. As ¢, = Z(ﬁc(ej)a, aye; + |al?eq, it

=1 =1
suffices to prove that for any X € S"~! C R, there exists a € C*" with |a| = 1

such that 1, = X. We divide into two cases: (i) n is odd and (ii) n is even.

(i) For the odd case where n = 2m + 1, we apply induction on m. When
2m + 1 = 3, this is done in [38] (p.17). We state it here for later use. The three
Clifford matrices for n = 3 are gy, g» and /=17 (see [5, p. 206]), where

v—1 0 0 v—1 0 —/—1
g1 = y g2 = 7T:

0 —v-1 V-1 0 V-1 0

So for any Z € S?, there exists a € C? with |a] = 1 such that
7= ((V—1g1(a),a), (V—1g2(a),a), (=T (a), a)). (3.12)
Assume the result is true for n = 2m — 1, and denote the Clifford matrices in

dimension 2m — 1 simply by {¢;}37". Let {d;}3™"! be the Clifford matrices in

dimension 2m + 1, as defined in [5, p. 206 Equation (2)]. Then it is easily seen
that

(
dij=1®c; forj=1,---,2m —2, I is the 2 x 2 identity matrix,
dom—1 ==V —1g1 ® cam-—1,

dom = —vV—192 @ Ccom—1,

(3.13)

\d2m+1 =T ® Com—1-

Now let X € §?™, then X = (y1,¥2, " , Yam_12) for some y = (y1,+* ,Yom_1) €
S?m=2 and 7 € S?. By induction assumption, there exists b € C*" with |b| = 1
such that

Yy = (<\/__161<b)7 b>7 T <\/__162m*1<b>7 b>)

and by (3.12), there exists a € C* with |a| = 1 such that

—Z=((V-1gi(a),a), (V-1g2(a), a), (~T(a), a)).
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Combining these with (3.13), it is easily seen that n,g, = X.

(ii) For the even case, we also apply induction on m. When n = 2, the two
Clifford matrices are g; and gy and 7, = (—|a1|* + |as|?, —a1@y — as@;) where
a = (ar,as) € C% For X = (cosf,sinf) € S', just take a = (—sin ¥, cos9) so
that n, = X.

Assume the result is true for n = 2m and denote {¢; ?Z‘l to be the corre-
sponding Clifford matrices as defined in [5, p. 206 Equation (1)]. Let {dj}?Zf“ 2
be the Clifford matrices for n = 2m + 2. Then it is easily seen that

(

di =1® g, where [ is the 2™ x 2™ identity matrix,

do =1 ® go where [ is the 2™ x 2™ identity matrix, (3.14)

dj+2:Cj®T fOI'j:L"' ,2m.
\

Now let X € S?*! then X = (21,29, z37) for some (21,29,23) € S* and ¢ €
S*m=1. By (3.12), there exists b € C? with |b| = 1 such that

(21, 22, —23) = ((V—=1g1(), b), (V—1g2(b), b), (=T'(b), ))
and by induction assumption, there exists a € C*""" with |a| = 1 such that
y= (< \ _161((1)’ CL>, B <V _162771(@)? a>)

Combining these with (3.14), it is easily seen that n,g, = X. O

3.2.2 The hypersurface Dirac operator

In this subsection, we will give some general results for the hypersurface Dirac
operator. Most of the materials in this section can be found, for example, in [16].

Recall that on a spinor bundle S(M™) over (M, g), the Dirac operator D is
defined to be

Dy = Z e (e) VY
i=1
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for any spinor ¢ € T'(S(M)), where {e;}! ; is a local orthonormal frame on M,
cyr is the Clifford multiplication and V is the spin connection on S(M). The
local formula for VM is given by [21, Theorem 4.14]

n

V2 = ) + 3 D (Vs exdens(esens (e,

i<k
where {e;}! ; are orthonormal frames on M. For simplicity, let us write ¢ for ¢,
and V for VM.

Now, for a spin manifold M, if ¥ C M is an oriented smooth hypersurface,
then M induces a natural spin structure on X, compatible with the induced
orientation from M.

We let S := S(M™)|s, the restriction of the spinor bundle of M to ¥. Then
it can be shown that S = S(X) when n is odd and S = S(X) & S(X) when n is

even. We will work on S instead of S().

Definition 3.11. We define the hypersurface spin connection V°, the hypersur-
face Clifford multiplication cg and the hypersurface Dirac operator D on S by

VY = Vv + 5e(w)e(BOON,

cs(X) = —c(v)e(X),
D% = ics(ea)Vfaw.

where v is a fivred unit normal (outward if this makes sense) and B is the shape

operator on 3, i.e. B(X)=—-Vxv.

In local formula, for {e,}"1 orthonormal on ¥ and e,, = v be the unit outward

normal,

n—1

Vfaw =V ¥+ % Z hape(ep)c(en)t. (3.15)

b=1

(It can be verified that V¥ = V¥ @ V¥ and c¢g = ¢y @ —cx when n is even. )
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Definition 3.12. We define the Killing spin connection @, Killing Dirac operator
D and the Killing boundary operator B respectively by

V-1

Vit = Vg + ~—ke(V),
Dy =" c(e)Veth, (3.16)
i=1

n—1
By =" clen)e(ea)Ve, o = Ve, 0 + D
a=1

Actually B is the boundary operator for the Lichnerowicz type formula ([38]

Equation 3.2): for any bounded region U with smooth boundary, we have

[ (©6.90) + {R 400 - 0)0.) - (B0D)) = [ w.Ba). a7

where R is the scalar curvature.
From now on until the end of this section, the indices a,b,c¢ run from 1 to

n — 1 and 7, j, k run from 1 to n. Repeated indices will be summed over.

Proposition 3.13. Let ¢ be a spinor on M and H is the mean curvature of
> C M. Then on X,

VI,
2

Proof. We have By = c(en)c(ea)ﬁeaw Using (3.15),

By = —DS — gw ~ (n— 1)c(en).

~ 1 v—1
clen)c(ea) Ve, b = clen)c(ea) VE ) + §habc(ea)c(eb) - Tk(n — 1)e(en).
We have cg(eq) = c(eq)c(en), 50 c(en)c(eq) VS = —D5. Also, hayc(eq)c(ey) = —H.
The result follows. O

Let us now return to the hyperbolic space. More precisely, define M = H",, \
Qo. Let A: (TM,q¢") — (TM,g") be the Gauge transformation defined by Aa% =
%a% (u as defined in (3.6)) and AV =V for any vector V tangential to 3,. A can
be lifted to the spinor bundles as an isometry [1], i.e. A: S(M,¢") — S(M,g").
Also,

A(d (X)) = "(AX) Ay
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where ¢ (resp. ¢”) denotes the Clifford multiplication associated to ¢’ (resp. ¢”).
We will also denote by €/ (resp. e)) to denote the unit outward normal of 3,

with respect to ¢” (resp. ¢').

Proposition 3.14. Let ¢ be a Killing spinor with respect to V' on M = H" 5\
and ¢y = Ad). Let D° be the hypersurface Dirac operator on >, with respect to
(M, g¢") as defined in (3.16). Then on X,

—D%¢y = —<250 £k’(”—l) "(en)do.

(Recall that Hy is the mean curvature of ¥, with respect to ¢'. )

Proof. (The proof is the same as in [38] except we have to replace V= by V¥
etc, corresponding to X,. )

For V,, 1 := AV, (A~1), we have
V-1

Ve,to = — 5 k" (eq) o (3.18)
Consider
o n—1
Veaw =€ Zgﬂ veaeb: GC)CH<€b) ”(60)7/)
b<c
e (3.19)
+3 9" (Ve,en, ) (en) (€)1

b=1

Note that g"(V.,es, e.) = g”(AV’eaA_leb, ec) = g"(AV,, ey, Ae.) = ¢'(V., ep,e.) =
9" (V! ey, e.). (¢ and ¢” induces the same metric on X,. ) Also, ¢"(V,,es, €/l)
g"(AV. A7le,, Ael) = ¢ (V. ey, €),) = —hY,. So (3.19) becomes

= 1
Ve, = ea(¥) + 5 Y (Vi enee) ()" (ec)th — hgbc"( b)¢" (€)1
b<c (320)
=VSy— gbc"(eb)c”(e”)¢ by (3.15).

n

Note that by definition of D and cg,

D% = cg(eq) V2 b = —c"(el) " (ea) V5 1.
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So using (3.20) and (3.18),

/! " /! Awi 1 /! /! "
D6y =~ eu) (Tust + 41 ()e" ()

= e en) (Y el + ) i )

= —@k(n —1)"(€)po — %%-

]

Proposition 3.15. With the assumptions in Theorem 3.7, let ¢, be a Killing
spinor with respect to ¢' and ¢g = A¢y on M. Then the limit lim (Hy —
p—00 2,

H)|¢o|2ndS, exists.
Proof. ¢ = ¢, as in Proposition 3.9. By Proposition 3.9, [¢a0l2/ = —2kX - (.
By (3.3), e X(p, p) = 7(p) = X(p,0) + 1 N(p.0).

Also e ?(Hy — H) = Hoe™*(1 —u~!) — (n — 1)kv as given by Lemma 3.2
and Proposition 3.3. By Lemma 3.2 again, e_("_l)kpdEp tends to a measure du
on Y, induced by the metric go, = lim e *g,.

p—00

All the above limits are uniform in p. Thus we have

/ (Ho — H)|¢o|2ndY, = —2k / Ho(e™ (1 —u™1)) (e X (p, p) - Cu)e” " Vrray,
> >

P

— =2(n =D [ oy G

3.2.3 Proof of Theorem 3.7

Following the ideas in [38] Theorem 6.1, we now give the proof of Theorem 3.7.

Proof of Theorem 3.7. Define ¢" = u*dp* + g, on M = H" ., \ Qp as in (3.5), with
u satisfying (3.6). Let g be the metric defined on M = M Up Q such that g=g
on Q and g = ¢” on M, where F is the embedding of €2 into H",,. Note that g
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is Lipschitz near 02, i.e. there is a smooth coordinates around 02 such that the
coefficients g;; are Lipschitz.

Let Vi = Vi + \/lek:E(V) and D = 5(62')%@1. be the Killing connection and
Killing-Dirac operator associated with g respectively. (All inner products and
norms in this proof are taken with respect to g unless otherwise stated. )

Let ¢ be a Killing spinor on H" ,, and ¢y = A¢y on M, we claim that there
is a (Killing harmonic) spinor ¢ with lA)qﬁ = 0 on M such that

0< lim (¢, Bg) = lim (¢, Bebo) (3.21)

m— 00
Eﬂm Epm

where p,, — oo and B is the boundary operator with respect to g as in (3.16).
Since we are only interested in the asymptotic behavior, by cutting off, we can
assume that ¢ can be extended smoothly on the whole M. Then near infinity

(i.e. outside a compact set), for V = AVA~!, we have

<
NS
-
()
I
|
1
—
e |=
N
—~
Sl
N—
-
(e}

Veado = Ve, do + Y52e(ea)do = (Ve, — Ve, )0,
ﬁa%% = 6@%% + */7?15(3%)% = (65% - Uva%)ﬁbo-

By the estimates in Lemma 2.1 of [1], we have
(V= V)o| < ClATYIV'Al[).

By Proposition 3.3, |[A7||V'A| = O(e™"**). Also |¢o|?> = O(e*) by Proposition
3.9, s0 [Vo| = O(e~"2)%¢). By Lemma 3.2, the volume element of (M, §) is of
order e D*» We then have @gbo, and therefore lA)gbO, are both in L2(M, g).
We now find ¢, € W2 such that D¢, = D¢y as follows. We define a linear
map on W% by
100) = [ (Do Dow).
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Define the sesquilinear form B on W2 by

B, ¢) = [M (D, D).

We claim that B is bounded and coercive.

Let Mp be the region in M bounded by ¥, and let ¥, p € C°. On Mp \ Q,
R = —n(n — 1), so by the Lichnerowicz formula (3.17), Proposition 3.13 and the
definition of B ,

| (90 F0=(0u.De) = | (D +5 VTN [ 0T+ 0)D)).

M,\Q Zp
On Q C Mp,
~ o~ ~ o~ 1 s H "
(0.9 0)=(De. Do (Ren(n=1) i) = [ (0, =D+ V=T W)

To be precise, H in the two equations above are the mean curvatures of 02 with
respect to g” and g respectively, but since they agree ((3.6), (3.7)), so adding

them up gives

| (@090 = Bo.De) + 1R+ 0= D)) ) = [ (001 Do)
As R = —n(n — 1) outside §2, so
B = [[(DuDa) = [ (G090 + [+l - 0)iw.))

< Cllwrzlelwe.

So B is bounded on W2, On the other hand, as R > —n(n — 1), for v € C
2
[iberz [ 9= [ (19op+ L4 XX pv0) - .00

_ 2 M
(o)

> ClYfe.

So B is also coercive. Then by Lax-Milgram theorem, there exists ¢, € W12 such

that B¢y, ) = L(y) for all ¢ € W2, ie.

/MUA)(% — ), ) =
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Let ¢ = ¢1 — ¢g and define § = ﬁqﬁ, so we have

/~<ﬁa ﬁtﬂ) = 0 for all lp c W1’2.

M

This implies 135 = —ny/—173 weakly, as D*=D+ ny —1.
As argued in [34] Lemma 3.3, 3 € W2 Note also that in the weak sense,

loc *

DB = —ny/—18 = —n\/—_l(ﬁgzﬁl — ﬁgbo) € L?. Then
/N (DB, D) — /N (D +nv=T)DB, DB) - / @w)Dg, Bp)

M, M, D

~ [ BB+ nv=15.5) - [ @w)Do. D)

M, 2,

-~ | @Ds.Ds)

p
< | |DgP.
2p
As /N |DB|? < oo, there is a sequence p,, — oo such that fzp |DBJ?2 — 0. But
M m

then
/ IDB> = lim / DB < lim IDBJ? — 0.
M m—o0 Mpm m—o00 E,om

ie. ﬁﬁ =0. As lA)ﬁ = —ny/—143, we have
D¢ =5 =0.
Now, by the Lichnerowicz formula (3.17), as D¢ =0,

o< [ (9 + fRntn— 1ol

M,

= [ Boo)
— /z (B(¢1 — ¢0), 61 — o)

(Bor.o - |

:/Ep<§¢0,¢0>+ (/E 5

(Bon o) - |

Zp

(B¢, ¢o>> .

p
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We claim that there is p,, — oo such that the three terms in the bracket
above will tend to zero as m — oo. Consider

| Bovon) = [ (@ + ) D)on. )

P P

< ([ [Vugol)3( : 61127 + (

Zp

Do) ([ |en]?)2.
>p

Zp

As / Vo2, / |D¢po|? and / |¢1]* are all finite, there is p,, — oo such
M M M

that <§¢0,¢1) — 0. Similarly, as [ \51]2 < 00, we can also assume that
ZPm M

/ (By,d1) — 0. (3.21) is proved.
me
Now, by Proposition 3.13 and 3.14,

0< lim (B, ¢) = lim (Béo, ¢0) = lim % (Ho — H)|¢ol3.

m—0o0 o
Epm Epm me

1
By Proposition 3.15, lim 3 (Ho — H)|¢ol? exists, therefore
p—00 s,

.1

0o
pP— 2,

To finish the proof, by Proposition 3.10, we can let ¢ = (,. Let ¢, be the
corresponding Killing spinor on H" ., and ¢, 0 = Ay, , outside Q. By Proposition
3.9, |¢aol = |#0l2 = —2kX - (4. So the above argument shows that

—klim [ (Hy— H)X (. > 0.

In other words, lim (Hy — H)XdX, is a future-directed non-spacelike vector.
p—00 v
’ O
3.3 Positivity of Shi-Tam mass

Now assume n > 3 and let (£2,g) be as described in section 3.1. Recall that
Bo(R1) and By(R,) are geodesic balls in H" ., such that By(R;) C Qo C Bo(R»).
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Theorem 3.16. (c¢f. [35] Theorem 3.1) Let n > 3 and (X2, g) be a compact spin

n-manifold with smooth boundary . Assuming the following conditions:
1. The scalar curvature R of (0, g) satisfies R > —n(n—1)k? for some k > 0,

2. Y is topologically a (n — 1)-sphere with sectional curvature K > —k?*, mean
curvature H > 0 and X can be isometrically embedded uniquely into H" ,

with mean curvature Hy.

Then for any future directed null vector ¢ in R™!,

m(Q,o:/E(Ho—H)W-cgo

where W = (1, xq, -+, xy,, at) with
1
1 sinh® k Ry :
1< a=cothkR; 4+ — -1
" sinh kR, (sinh2 kR, )
X = (1,79, ,Tn, 1) is the position vector in R™' and the inner product is given

by the Lorentz metric.

Let (¢, -+, ¢n) denote the position vectors of points of S*~! in R™. Let {3,}
be the foliation of H" ,, \ Qp described in section 3.1. We need the following;:

Lemma 3.17. With the assumptions in Theorem 3.16, let (y1,- - ,yn) € R"™ such
that ny =1. Let ¢ = Zqﬁzyz Then for p > 0,
i=1 i=1

99 ., 272 1 1.—2 or .,
N2 (1 — _ (2 )
(8,0) < (1= ¢*)k"sinh ™ kr | 1 <8p)
Hence
0¢p or
7 < - .
‘ap < uk ap (3.22)
where

o (sinh2 KRy 1)5
B Sinh kR, \sinh® kR,
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Proof. The same as in [35] Lemma 3.3 (ii). The position vectors in R™! can be

parametrized by

X=-

’ (sinh k7 cos 6, sinh kr sin 62 cosh kr)

where Z € S"2 C R""!. Then the hyperbolic metric (outside Q) is
g =dp® + g, = dr’ + k™ ?sinh®r(d6* + sin® do)

where do is the standard metric on S"2. Compute ¢’ (a%, 8%) in the above two

forms of ¢’, we have

or 00 o 0 or 00
1= k% sinh? 0d > (=) + k?sinh®(—)2.
(G0 ksl | (G2 P sin? 0o 22| = (5L k2 sink?()
Since ¢ = cos#, the conclusion follows. O

Proof of Theorem 3.16. X can be expressed as

1 1
X = E(sinh(k?")Y, cosh kr) = E(sinh(kr)yl, -+« sinh(kr)y,, cosh kr).
where |Y]? = ny = 1. Without loss of generality we can assume that ( =

(G, 5 Cny 1) Where ZCE =1.
=1

Let ¢ = Z Y;Gi, then Lemma 3.6 implies (we omit d3, for convenience)
i=1

UL o= W) -0

__ / (- 1)2(%(}3# + (n—1)(n — 2)k?)(ésinh kr — avcosh kr)
2p
+ H(] 0 (qﬁ sinh kr — accosh kr))
X (3.23)
= —/ u_l(u —1)? (§(H0 — |A*)(¢sinh kr — a cosh kr)
2p

+ H[) 0 (gzﬁ sinh kr — accosh kr))

:—/ u_l(u— 1)?B  where
2p
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B :l(Hg — |A[*)(¢sinh kr — o cosh kr)
? o 1 06 or (3.24)
+ kHy(¢ cosh k:ra—p + Z sinh kra—p — asinh k:ra—p)

Here A is the second fundamental form of ¥, with respect to the hyperbolic
metric. Let \,(p, p) be the principal curvature of 3,. Then A, = k tanh k(u,+ p),
k, or kcoth k(u, + p) with p, > 0 ([38] p.255). In particular,

Hy — AP =2) Xy > 0.

a<b

We want to show B < 0. For the first term of B, consider

¢ sinh kr — o cosh kr < sinh kr — cosh kr < 0. (3.25)
To show that the last term of R.H.S. of (3.24) is also negative, it suffices to show

1
¢ cosh krg—; + z sinh k:rg—gpb — asinh krg—; < 0.

Recall that o € €y and r is the geodesic distance from o. Let p € ¥ and
let v be the (arc-length parametrized) geodesic through p which is orthogonal
to X. Let ¢ be the point on v such that a = d(o,q) = d(o,7). Since the last
term of R.H.S. of (3.24) involves only the derivatives with respect to p, we can
assume that v(0) = g and v(pg) = p for some positive pg, so that p is the geodesic
distance from ¢ to y(p). Denote the geodesic from x to y to be zy.

If 0 # q, then oq and ¢p forms a right angle at ¢. That is, o, ¢ and y(p) forms
a right-angled triangle on the totally geodesic H? , containing them with sides
a, p and hypotenuse 7.

The cosine law cosh kr = cosh ka cosh kp implies

dr _ coshkasinh kp

— = > 0.
ap sinh kr
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If o = ¢, then r = p and clearly g—; =1> 0. So by (3.22),

¢ cosh kr? + — sinh kr% — asinh kr&

ok dp ap
or 1 or or
<coshkrl + = sinh 9y _ asinh kr2t
< cos k:rap—l—ksm kr(,uk:ap) asin krap
=(cosh kr + sinh kr(p — a))g—;
or

=(cosh kr — sinh kr coth kRy) —

<0. (asr> Ry)

Substituting into (3.23), we have

d%(/zpmo —H)W(p.p)-) > 0.

By Theorem 3.7 and Corollary 3.8, we conclude that

m(@.0) = [ (Ho—HW ¢ <o
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